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Dynamic crushing responses of honeycomb structures having irregular cell shapes and non-uniform cell wall thickness
are studied using the Voronoi tessellation technique and the ﬁnite element (FE) method. FE models are constructed for
such honeycomb structures based on Voronoi diagrams with diﬀerent degrees of cell shape irregularity and cell wall thick-
ness non-uniformity. The plateau stress, the densiﬁcation strain energy and the initiation strain are determined using the
FE models. Simulation results reveal that the ‘‘X’’ and ‘‘V’’ shaped deformation modes evident in a perfectly ordered hon-
eycomb at low or moderate impact velocities are disrupted as cell shapes become irregular and/or cell wall thickness gets
non-uniform. The ‘‘I’’ shaped deformation mode is clearly seen in all honeycomb structures at high impact velocities. Both
the plateau stress and the densiﬁcation strain energy are found to decrease as the degree of cell shape irregularity or the
degree of cell wall thickness non-uniformity increases, with the weakening eﬀect induced by the presence of non-uniform
cell wall thickness being more signiﬁcant. When the two types of imperfections co-exist in a honeycomb structure, the inter-
action between them is seen to exhibit a complicated pattern and to have a nonlinear eﬀect on both the plateau stress and
the densiﬁcation strain energy. It is also found that stress waves propagate faster in a honeycomb structure having irregular
cell shapes and slower in a honeycomb structure having non-uniform cell wall thickness than in a perfectly ordered hon-
eycomb. Finally, the strain hardening of the cell wall material is seen to have a strengthening eﬀect on the plateau stress,
which is more signiﬁcant for perfectly ordered honeycombs than for imperfect honeycomb structures.
 2006 Elsevier Ltd. All rights reserved.
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Unit cell based micromechanics models have often been used to predict mechanical properties of cellular
solids (e.g., Gibson and Ashby, 1997). Although these models are simple and cost-eﬀective, they are signiﬁ-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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cellular materials, whose cell structures are typically non-periodic, non-uniform and disordered (e.g., Silva
and Gibson, 1997; Chen et al., 1999; Guo and Gibson, 1999). Hence, models that incorporate microstructural
imperfections and contain a large number of cells are needed for improved predictions. Such a model has
recently been developed by Li et al. (2005) for two-dimensional (2D) cellular solids having irregular cell shapes
and non-uniform cell wall thickness, which are two types of imperfections commonly present in such solids.
Their simulation results indicated that the elastic moduli increase as cell shapes become more irregular, but
decrease as cell wall thickness gets less uniform. The eﬀect of the interaction between the two co-existing
imperfections on the elastic moduli was found to be weak. However, only static loading was considered in
Li et al. (2005).
Very limited attention has been paid to the eﬀect of microstructural imperfections on dynamic responses of
cellular solids. Papka and Kyriakides (1998) performed a full-scale FE simulation of quasi-static crushing of
aluminum honeycombs and found the initiation stress and the plateau (crushing) stress to be, respectively,
14% and 8% above those experimentally measured values. They attributed these diﬀerences to the imperfec-
tions induced during fabrication of the honeycombs, which were not included in their FE model. Ho¨nig
and Stronge (2002a) reported that misalignment of cell walls aﬀected the location of initial crushing bands
in an aluminum honeycomb. The FE study of Tan et al. (2005) revealed that cellular microstructural irregu-
larities had insigniﬁcant eﬀect on the internal energy density at three velocities (100, 150, and 200 m/s). How-
ever, Zheng et al. (2005) showed that increasing the cell irregularity leads to an increase in the plateau stress,
thereby improving the energy absorption capacity. A common feature of these earlier investigations is that in
each study only one type of imperfection was included at a time. Since several types of imperfections are gen-
erally co-existent in the microstructure of a typical honeycomb structure, models incorporating two or more
types of imperfections are still in need.
The objective of this paper is to study the combined eﬀect of two co-existing imperfections—irregular cell
shapes and non-uniform cell wall thickness—on dynamic crushing behavior of honeycomb structures. The rest
of this paper is organized as follows. In Section 2, honeycomb structures with diﬀerent degrees of cell shape
irregularity and cell wall thickness non-uniformity are ﬁrst constructed using the Voronoi tessellation tech-
nique. Finite element (FE) models are then developed using the constructed Voronoi diagrams to predict
the plateau stress, densiﬁcation strain energy and initiation strain of the honeycomb structures. In Section
3, a mesh sensitivity study is ﬁrst performed to determine the appropriate number of cells to be included in
each diagram. This is followed by an investigation of the plateau stress of the honeycomb structures based
on the Voronoi diagrams and the FE models. Then, parametric studies for sample cases involving diﬀerent
values of ﬁve controlling parameters (i.e., the impact velocity, cell shape irregularity amplitude, cell wall thick-
ness non-uniformity amplitude, relative density, and strain-hardening index) are conducted, with the simula-
tion results presented and discussed. The paper concludes with a summary in Section 4.
2. Analysis
2.1. Model construction
Each honeycomb structure with microstructural imperfections is built by starting from a reference model,
which is a perfectly ordered hexagonal honeycomb with regular cell shapes and uniform cell wall thickness.
This reference model is constructed from a set of regularly packed seeds using the Voronoi tessellation tech-
nique. 2D Voronoi diagrams with irregular cell shapes are then generated by introducing perturbation to the
reference model.
Since the irregularity of cell shapes is determined by the irregular distribution of the seeds, the locations of
the seeds used to construct Voronoi diagrams with irregular cell shapes can be perturbed from a regular lattice
of seeds. Fig. 1 shows the coordinate perturbations of a regularly packed seed (xi1,x
i
2Þ. The perturbed coordi-
nates of seed i, xi1 and x
i
2, can be represented byxi1 ¼ xi1 þ aðd0 cos hiÞui;
xi2 ¼ xi2 þ aðd0 sin hiÞui;
ð1Þ
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i
2 are the two coordinates of the same seed in the regular lattice, d0 is the distance between two
regularly packed (unperturbed) seeds, hi (2[0, 2p]) is a stochastic angle (with a uniform distribution) between
the x1-axis and the line connecting the unperturbed and perturbed seeds, ui (2[1,1]) is a random variable
with a uniform distribution, and a (2[0, 1]) is the amplitude used to quantify the degrees of cell shape irregu-
larity. Fig. 2 shows honeycomb structures (samples) with diﬀerent degrees of cell shape irregularity so con-
structed. Each sample here includes 360 Voronoi cells.
After the cell shapes are determined, models for honeycomb structures with non-uniform cell wall thick-
nesses can be generated by introducing statistical thickness variations to the uniform cell wall thickness t0
of a reference model (Li et al., 2005):t0 ¼ RL1L2PN
j¼1lj
; ð2Þwhere R is the relative foam density, L1 and L2 are, respectively, the width and height of the honeycomb struc-
ture (specimen) (see Fig. 3a), lj is the length of cell wall j, and N is the total number of cell walls. To achieve
this, each cell wall is assigned a random thickness given by (e.g., Grenestedt and Bassinet, 2000; Li et al., 2005)tj ¼ wt0ð1þ bwjÞ; ð3Þ
where b (2[0,1]) is the amplitude used to quantify the non-uniformity of cell wall thickness, wj (2[1,1]) is a
random variable with a uniform distribution, and w, the normalizing factor, is deﬁned byFig. 2. Honeycomb structures with varying degrees of cell shape irregularity.
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Fig. 3. (a) Undeformed honeycomb structure; (b) dynamic crushing response.
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PN
j¼1ljPN
j¼1ð1þ bwjÞlj
ð4Þto ensure that the relative density (R) remains unchanged with the variation of the cell wall thickness.2.2. Finite element analysis
The ﬁnite element analysis is conducted on the honeycomb structures constructed above to simulate their
dynamic crushing behavior at various impact velocities using ABAQUS/Explicit (2004). Each cell wall is
meshed with shell elements (using S4R, a four-node quadrilateral shell element with reduced integration
and a large-strain formulation, in ABAQUS), as was similarly done in Ho¨nig and Stronge (2002b), Ruan
et al. (2003), and Zheng et al. (2005). The main reason for choosing such general purpose shell elements over
the simpler Euler–Bernoulli beam elements (B23H in ABAQUS) is that ABAQUS/Explicit was not equipped
with the capability for simulating double-sided contact between lines comprising of beam elements (Ho¨nig and
Stronge, 2002b). Each of these shell elements has a set of elemental properties, which include the element
length that is 1/10 of the edge length of a regular cell wall and the element thickness that is the same as
the random thickness of the cell wall obtained earlier using Eq. (3). For simplicity, one element is employed
in the out-of-plane direction, as was done in Ho¨nig and Stronge (2002b). A preliminary study showed that
using such an element size to model each cell wall is suﬃcient for convergence. It is noted that exceptionally
short cell walls exist in honeycomb structures having highly irregular cell shapes. These cell walls would
require that considerably small time increments be used in an explicit analysis, thereby substantially increasing
the computational cost. To improve the computational eﬃciency, cell walls that are shorter than the edge of a
S4R shell element described above are removed, and the two nodes associated with each removed cell wall are
merged. The preliminary analysis also showed that the eﬀect incurred from deleting these short cell walls on
the dynamic behavior is negligible, because these cell walls only account for a small fraction (a few percent) of
the total number of cell walls. This is similar to what was found in Li et al. (2005) for statically loaded imper-
fect honeycomb structures.
Following Papka and Kyriakides (1994), the elastic linear strain-hardening (also known as bilinear) model
(see also Gao (1994, 2007)) is used to represent the true stress–strain relation of the cell wall material, which is
aluminum (Al) with the following properties: Young’s modulus Es = 68.97 GPa, yield stress rs = 292 MPa,
tangent modulus Etan = 689.7 MPa (=Es/100), Poisson’s ratio ls = 0.35 (before yielding; ls = 0.5 after yield-
ing to accommodate plastic incompressibility of Al), and density qs = 2700 Kg/m
3. Four other values of Etan
will also be used in Section 3 to study the eﬀect of strain hardening on dynamic crushing responses of the hon-
eycomb structures. Also, the behavior of the cell wall material is treated as rate-independent, as was done in
Ho¨nig and Stronge (2002a), Ruan et al. (2003), Zheng et al. (2005), and Tan et al. (2005).
For perfectly ordered honeycombs, the cell size and cell wall thickness are taken to be the same as those
used in Papka and Kyriakides (1994), i.e., distance between two nearest parallel cell walls c0 = 9.53 mm,
K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026 5007and cell wall thickness t0 = 0.145 mm. Consequently, the width (L1), height (L2), and length (L3) of a perfectly
ordered honeycomb containing 360 cells (and also of any other imperfect specimen having the same number of
cells considered in this study) are, respectively, 165.06, 171.54 and 0.55 mm (see Fig. 3a). The relative density
of such a regular honeycomb is calculated to be 0.03 using the following equation given in Gibson and Ashby
(1997) (see their Eq. (2.14b)):R ¼ 2ﬃﬃﬃ
3
p t0
l
1 1
2
ﬃﬃﬃ
3
p t0
l
 
; ð5Þwhere R is the relative density, t0 is the cell wall thickness, and l is the cell edge length (with l ¼ c0=
ﬃﬃﬃ
3
p Þ.
All of the nodes used in each FE model are constrained from displacement in the out-of-plane direction to
ensure the plane strain state of deformation. General contact (available in ABAQUS/Explicit) is enforced
between the honeycomb structure and the top/bottom rigid platen and between the crushing cell walls. The
contact between the cell walls and the two rigid platens and between adjacent cells is considered frictionless.
FE simulations are conducted by forcing the top rigid platen (impactor) down toward the ﬁxed bottom rigid
platen at a prescribed velocity (see Fig. 3a).
A typical force–displacement response of a honeycomb structure under impact loading is illustrated in
Fig. 3b, which exhibits three distinct regimes of deformation (e.g., Gibson and Ashby, 1997). The ﬁrst regime
is characterized as a transient response, i.e., the crushing force on the impacted surface of the honeycomb
structure, F, increases abruptly and drops steeply for a few cycles. This is followed by a long collapse plateau,
which involves the initiation of localized bending at weak points in the network and the propagation of the
bending throughout the honeycomb structure. In this regime, collapse of cells progresses with large displace-
ments (u) occurring under a roughly constant compressive force. It is this regime that is most characteristic of
crushing of a cellular solid and is of primary interest in energy absorbing applications. As the opposing walls
of cells get in contact, deformation enters a regime of densiﬁcation where the compressive force rises steeply
with a small increase in compressive deformation.
The crushing force F in the second regime can be equivalently described by a plateau force, Fp, deﬁned asF p ¼ 1u u0
Z u
u0
F ðxÞdx; ð6Þwhere u is the vertical displacement of the top (impacted) surface of the honeycomb structure relative to its
initial (undeformed) position (see Fig. 3a), and u0 is the displacement at which the crushing force reaches
the ﬁrst localized peak value. Unlike that for the quasi-static crushing response of a honeycomb structure,
u0 is usually very small in a dynamic crushing process, as shown in Fig. 3b, and can therefore be assumed
to be zero-valued here. The external work required to crush the honeycomb structure to the position with dis-
placement u, W(u), can then be obtained from Eq. (6) asW ðuÞ 
Z u
0
F ðxÞdx ¼ F puþ c1: ð7ÞEq. (7) can be used to determine the plateau force Fp and the constant c1 from the computed W–u curve
(through integration). The W–u curve is also shown in Fig. 3b, from which it is seen that despite the strong
oscillations of the crushing force, there is a long, straight portion on the W–u curve before the curve turns
upward. The upturn point of the W–u curve is the point where densiﬁcation starts and the displacement (u)
has the value of uL. This point corresponds to where the ﬁrst localized maximum value of the total kinetic
energy (K) is located. Fitting the W–u curve from u = 0 up to u = uL using Eq. (7) leads to the determination
of Fp and c1. Along with Fp, the total strain energy obtained at u = uL, called the densiﬁcation strain energy
(Ud) here and in the sequel, will be used to characterize dynamic crushing responses of honeycomb structures.
For better illustration, in Fig. 3b the external work (W) and the total strain energy (U) are divided by 150,
while the total kinetic energy (K) is divided by 100, considering that W and U are much larger than K.
To verify the ﬁnite element model generated above, a quasi-static analysis is ﬁrst performed using ABA-
QUS/Standard (Version 6.4) to predict the in-plane response of a perfectly ordered honeycomb (see
Fig. 2a) under a static crushing load, as was also done in Ho¨nig and Stronge (2002a). Since general contact
is not available in ABAQUS/Standard, ﬁnite sliding contact and self contact are, respectively, deﬁned between
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inal stress (deﬁned by r = F/(L1L3), see Fig. 3a)—nominal strain (deﬁned by e = u/L2, see Fig. 3a) curve is
shown in Fig. 4, which indicates that the plastic collapse stress predicted by the current model compares favor-
ably with that calculated using the following relation:rpc ¼ 2 2 R 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 R
p 
rs; ð8Þwhere rpc is the plastic collapse stress of the honeycomb structure, rs is the yield stress of the cell wall material,
and R is the relative density of the honeycomb structure. Eq. (8) is based on Eq. (5) and the following relation
provided in Gibson and Ashby (1997) (see their Eq. (4.26b)):rpc ¼ 2
3
t0
l
 2
rs: ð9ÞFor the current honeycomb structure with R = 0.03 and rs = 292 MPa, Eq. (8) gives rpc = 133.4 kPa, which is
close to the simulated values, as shown in Fig. 4. This agreement veriﬁes the current ﬁnite element (FE) model.
The validated model is then used to simulate the dynamic crushing of various types of honeycomb structures,
with the numerical results to be discussed in the next section.
3. Results and discussion
3.1. Size sensitivity
To determine the appropriate number of cells (C) to be included in a specimen, ﬁve groups of specimens,
each group containing a same number of cells C (C 2 {48 = 6 · 8, 144 = 12 · 12, 240 = 15 · 16, 360 = 18 · 20,
and 504 = 21 · 24}, where the ﬁrst number stands for the cell number in a column and the second number the
cell number in a row) are considered. For each group, ﬁve specimens are modeled to obtain ﬁve values of the
nominal plateau stress (deﬁned by rp = Fp/(L1L3), see Fig. 3). The cell shape irregularity amplitude (a), the
relative density (R) and the impact velocity (v) remain to be 0.5, 0.03 and 34 m/s, respectively, for all ﬁve
groups of specimens. The obtained numerical results of rp are graphically shown in Fig. 5. It is seen from0
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K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026 5009Fig. 5 that, on average, rp is insensitive to the number of specimens used. However, the values of rp become
less scattered with the increase of C for C 6 360. When C = 360, the scattering for the ﬁve values of rp is
found to be very small (with the standard deviation being no more than 2% of the mean value). Further
increase of C does not considerably lower the scattering. Therefore, C = 360 is chosen as the number of cells
to be included in each specimen, which is the same as that used in Li et al. (2005).3.2. Comparison of nominal plateau stresses in two orthogonal directions
A total of four cases are analyzed here to examine the diﬀerences between the nominal plateau stresses in
the two orthogonal directions x1 and x2 (see Fig. 3). Controlling parameters include the degree of cell shape
irregularity (amplitude a), the degree of cell wall thickness non-uniformity (amplitude b), the impact velocity
(v) and the relative density (R). For each case, ﬁnite element analyses are performed on ﬁve specimens con-
taining the same number of cells (i.e., 360) and having the same values of a, b, v and R. The obtained values
of the nominal plateau stress ratio (rp2/rp1) and its mean (m) and standard deviation (d) are listed in Table 1.
An inspection of Table 1 indicates that the mean value (m) of rp2/rp1 is very close to unity and the standard
deviation (d) is very small (less than 3% of the mean value) for each of the four cases. Hence, it can be con-
cluded that the dynamic responses of these imperfect honeycomb structures considered are isotropic in the
x1x2-plane. However, this is not the case for perfectly ordered (regular) honeycombs, whose dynamic respons-
es have been found to be anisotropic (Ruan et al., 2003). A comparison of these two ﬁndings indicates that the
presence of cell shape irregularity and/or cell wall thickness non-uniformity tends to make the cellular mate-
rials behave isotropically.
Due to the high demand for computational time in each simulation, only one specimen will be used in the
sequel to simulate the dynamic crushing behavior of each honeycomb structure with a given set of ﬁve con-
trolling parameters (i.e., a, b, v, R and Etan), which are more than those used in each existing study reviewed
earlier.3.3. Eﬀects of impact velocity
Five diﬀerent values of the impact velocity, i.e., 8.5, 17, 34, 68 and 136 m/s, are used to assess the dynamic
crushing behavior of honeycomb structures. The three moderately high impact velocities, 8.5, 17 and 34 m/s,
cover the whole range of impact velocities, i.e., 9.7–27.8 m/s (or 35–100 km/h), recommended by the US
National Cooperative Highway Research Program (Ross et al., 1993) for vehicle crash tests. A range of the
impact velocities, i.e., from 14 to 140 m/s, similar to the one used in the current study (i.e., from 8.5 to
136 m/s) was utilized earlier by Ruan et al. (2003) to study dynamic crushing of perfectly ordered aluminum
honeycombs (in the x2-direction). A total of four honeycomb structures (specimens) with diﬀerent degrees of
cell shape irregularity and cell wall thickness non-uniformity are analyzed, i.e., a specimen with regular cell
shapes and uniform cell wall thickness (a = b = 0), a specimen with completely irregular cell shapes and uni-
form cell wall thickness (a = 1.0, b = 0), a specimen with regular cell shapes and completely non-uniform cell
wall thickness (a = 0, b = 1.0) and a specimen with completely irregular cell shapes and completely non-uni-Table 1
Ratio of plateau stresses in two orthogonal directions (rp2/rp1)
a = 0.5, b = 0,
R = 0.03,
v = 34 m/s
a = 0.5, b = 0,
R = 0.03,
v = 136 m/s
a = 0.5, b = 0,
R = 0.22,
v = 34 m/s
a = 0.5, b = 0.5,
R = 0.03,
v = 34 m/s
Specimen 1 1.0143 0.9842 1.0248 0.9629
Specimen 2 0.9653 0.9986 1.0066 0.9532
Specimen 3 0.9924 0.9841 1.0001 0.9985
Specimen 4 0.9970 0.9956 0.9804 0.9630
Specimen 5 1.0218 0.9974 1.0139 1.0062
m 0.9982 0.9920 1.0052 0.9768
d 0.0220 0.0072 0.0166 0.0239
d/m 0.0220 0.0073 0.0165 0.0244
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considered.
3.3.1. Deformation modes
Fig. 6 displays the in-plane deformation modes of the perfectly ordered honeycomb specimen (i.e.,
a = 0 = b) at various impact velocities (v). When the deformation is small, the specimen exhibits three diﬀerent
types of deformation modes at various velocities. Localized crushing bands are observed in the shape of two
stacked ‘‘X’’s (see Fig. 6a) at a low velocity (i.e., v = 8.5 m/s), of ‘‘V’’ (see Figs. 6e and i) at moderate velocities
(i.e., v = 17 and 34 m/s), and of ‘‘I’’ (see Figs. 7m and q) at high velocities (i.e., v = 68 and 136 m/s). These
observations agree with those by Ruan et al. (2003), which appears to be the ﬁrst full-scale FE simulation
of dynamic crushing behavior of perfectly ordered aluminum honeycombs. As deformation increases, more
cells collapse in the regions where the two ‘‘X’’s touch each other and on the bottom (constrained) and top
(impacted) surfaces (see Fig. 6b), and the crushing bands progressively propagate to other cells enclosed by
the bands (see Fig. 6c) before they reach the locking regime of deformation (see Fig. 6d) when the impact
velocity is small (v = 8.5 m/s). At moderately high impact velocities (v = 17 and 34 m/s), cell crushing remains
primarily on the impacted surface with some cells also collapsed in the middle of the specimen and/or near the
top surface, as shown in Figs. 6f, g, j and k. When the impact velocity is suﬃciently high (v = 68 and 136 m/s),
cell crushing always occurs on the impacted (top) surface with the crushing band moving toward the bottom
(constrained) surface in an approximately uniform manner, as shown in Figs. 6n, o, r and s. This also con-
forms well to what was ﬁrst observed in Ruan et al. (2003) for perfectly ordered aluminum honeycombs.
Fig. 7 shows how the random specimen with completely irregular cell shapes and uniform cell wall thickness
(i.e., a = 1.0 and b = 0) deforms at various impact velocities. It is seen from Figs. 7a, e and i that the ‘‘X’’ and
‘‘V’’ shaped deformation modes distinct in a perfectly ordered honeycomb specimen (see Fig. 6) are no longer
evident here at low and moderate impact velocities (v = 8.5, 17, and 34 m/s). Instead, the crushing bands are
seen to be randomly distributed in the specimen at v = 8.5 m/s (see Fig. 7a) and more bands are located near
the impacted surface, as the impact velocity gets higher (see Figs. 7e and i). Further compression of the spec-
imen leads to the progressive crushing of cells throughout the specimen at v = 8.5 and 17 m/s, as shown in
Figs. 7b–d and f–h. At v = 34 m/s, cell crushing propagates downwards from the impacted surface (see Figs.
7j and k), which exhibits an ‘‘I’’ shaped deformation mode with a very thick layer of crushed cells. When the
impact velocity is even higher (v = 68 and 136 m/s), the ‘‘I’’ shaped deformation mode remains to be distin-
guishable, as shown in Figs. 7m–o and q–s. In addition, a comparison of Fig. 7o with Figs. 6o and Fig. 7s with
Fig. 6s indicates that the layer of crushed cells is thicker for the random specimen than for the regular hon-
eycomb at the same impact velocity and with the same relative density.
The progress of deformation shown in Fig. 8 is for the specimen with regular cell shapes and completely
non-uniform cell wall thickness (i.e., a = 0 and b = 1.0). Severe deformation initiates at the weakest links,
i.e., the thinnest cell walls. The presence of cellwall thickness non-uniformity disrupts the ‘‘X’’ shaped defor-
mation mode at low impact velocities (e.g., v = 8.5 m/s), and the localized crushing bands induced by the col-
lapse of cells with thinner walls are randomly distributed in the specimen, as shown in Fig. 8a. At the two
moderately high impact velocities (i.e., v = 17 and 34 m/s), the ‘‘V’’ shaped deformation mode can still be
roughly identiﬁed, as shown in Figs. 8e and i. Unlike that in the perfectly ordered specimen, where severe
deformation clearly occurs along the delineating boundary of the ‘‘V’’ shape (see Fig. 6), the crushing bands
here are randomly located within the region enclosed by the impacted surface and the delineating boundary.
Subsequent compression leads to more crushing bands throughout the specimen at v = 8.5 and 17 m/s, as
shown in Figs. 8b, c, f and g. At v = 34 m/s, the propagation of cell crushing approximately follows an ‘‘I’’
shaped mode with a thicker layer of crushed cells (see Figs. 8j and k) than that for the perfectly ordered hon-
eycomb (see Figs. 6j and k). The deformation mode remains to be the same as that for the perfectly ordered
specimen at higher velocities (v = 68 and 136 m/s), i.e., the ‘‘I’’ shaped mode, except that the layer of crushed
cells is thicker for the specimen with non-uniform cell wall thickness (see Figs. 6n–p and r–t and 8n–p and r–t).
Fig. 9 illustrates the deformation of the specimen having completely irregular cell shapes and completely
non-uniform cell wall thickness (i.e., a = 1.0 and b = 1.0). When the displacement is small, the ‘‘X’’ and
‘‘V’’ shaped deformation modes are not clearly seen in the specimen at low or moderate impact velocities,
as shown in Figs. 9a, e and i, while the ‘‘I’’ shaped mode is evident at high velocities (see Figs. 9m and q).
Fig. 6. Crushing of a perfectly ordered honeycomb (with a = b = 0).
K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026 5011The crushing bands are randomly distributed in the specimen at v = 8.5 m/s, and are located closer to the
impacted surface as the velocity increases, as shown in Figs. 9a, e, i, m and q. As the compression proceeds,
more crushing bands appear in a pattern similar to that observed in the specimen with regular cell shapes and
completely non-uniform cell wall thickness (i.e., a = 0 and b = 1.0) at low or moderate impact velocities (com-
pare Figs. 8b, c, f, g, j and k with Figs. 9b, c, f, g, j and k, respectively). This implies that thinner cell walls
(accounted for by cell wall non-uniformity) play a more signiﬁcant role in the formation of crushing bands
in the honeycomb structures (specimens) than irregular cell shapes do. The deformation modes observed in
the current specimen at higher velocities (see Figs. 9n, o, r and s) are similar to those seen earlier in the other
three specimens. The layer of crushed cells is found to have a thickness close to those in the two specimens
Fig. 7. Crushing of a honeycomb structure with completely irregular cell shapes and uniform cell wall thickness (with a = 1.0, b = 0).
5012 K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026having imperfections (see Figs. 7n, o, r and s and 8n, o, r, and s) but larger than that in the perfectly ordered
specimen (see Figs. 6n, o, r and s).
3.3.2. Plateau stress and densiﬁcation strain energy
Fig. 10 illustrates the variation of the plateau stress, rp, with the impact velocity squared, v
2, for the four
specimens considered. It appears that rp approximately scales linearly with v
2 for all cases. These curves can be
ﬁtted with the equation:rp ¼ c2v2 þ c3; ð10Þ
Fig. 8. Crushing of a honeycomb structure with regular cell shapes and completely non-uniform cell wall thickness (with a = 0, b = 1.0).
K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026 5013where c2 and c3 are ﬁtting constants and are listed, along with the correlation coeﬃcient /
2, in Table 2. Table 2
shows that c3 is the highest for the perfectly ordered honeycomb (a = 0 and b = 0), which is followed, in the
descending order, by the honeycomb structure with completely irregular cell shapes and uniform cell wall
thickness (a = 1.0 and b = 0), the honeycomb structure with regular cell shapes and completely non-uniform
cell wall thickness (a = 0 and b = 1.0) and the honeycomb structure with completely irregular cell shapes and
completely non-uniform cell wall thickness (a = 1.0 and b = 1.0). However, there are slight diﬀerences in the
Fig. 9. Crushing of a honeycomb structure with completely irregular cell shapes and completely non-uniform cell wall thickness (with
a = 1.0, b = 1.0).
5014 K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026values of c2 for the four honeycomb structures (specimens) considered. This, along with Fig. 10, indicates that
at low velocities both the existence of irregular cell shapes and the presence of non-uniform cell wall thickness
reduce the plateau stress and that the weakening eﬀect is more signiﬁcant for cell wall thickness non-unifor-
mity than for cell shape irregularity. These ﬁndings are in agreement with those reported in Gradinger and
Rammerstorfer (1999), where it was found that meso-inhomogeneities induced by variations in cell size, cell
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Fig. 10. Eﬀects of impact velocity on the plateau stress.
Table 2
Coeﬃcients of the plateau stress–impact velocity relations
a = 0, b = 0 a = 1.0, b = 0 a = 0, b = 1.0 a = 1.0, b = 1.0
c2 (Pa s
2/m2) 80.970 80.066 84.462 82.521
c3 (Pa) 92853 84797 34689 33032
/2 0.9996 1 0.9999 0.9999
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under quasi-static uniaxial compression, which lower the stress at the start of the plateau regime and increase
the slope of the plateau regime, thereby decreasing the energy absorption eﬃciency.
The total strain energy stored in a specimen can be used to measure the energy absorption capacity, as was
done in Ho¨nig and Stronge (2002b). The eﬀects of cell shape irregularity and/or cell wall thickness non-uni-
formity on the densiﬁcation strain energy, Ud, are displayed in Fig. 11. It is seen that when the impact velocity
is low, both types of imperfections undermine the energy absorption capacity. As the impact velocity increas-
es, the eﬀect of cell shape irregularity becomes negligibly small, while the weakening eﬀect of cell wall thickness
non-uniformity remains signiﬁcant throughout the range of impact velocity considered.3.3.3. Stress wave propagation
Stress wave propagation plays an important role in dynamic crushing of honeycomb structures (e.g.,
Ho¨nig and Stronge, 2002a). The eﬀects of the impact velocity, cell shape irregularity and cell wall thickness
non-uniformity on the stress wave propagation are examined here. The nominal strain at which the nominal
stress on the constrained surface of the honeycomb specimen becomes non-zero, hereafter called initiation
strain and denoted by es, is used to characterize the wave propagation. Fig. 12 illustrates the variations of es
with v for honeycomb structures having diﬀerent values of a and b. It is seen from this ﬁgure that es increas-
es with v for each given honeycomb structure. This can be explained by referring to the deformation modes
of the honeycomb structures (specimens), as shown in Figs. 6–9. When the impact velocity is low, a dis-
placement of the impactor quickly leads to deformation in cells near the bottom surface of the specimen
(see Figs. 6a–d, 7a–d, 8a–d and 9a–d). As v increases, cell crushing tends to be localized on or near the
impacted surface (see Figs. 6m–p, 7m–p, 8m–p and 9m–p). Consequently, the cells near the constrained sur-
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stress wave propagates to these cells (see Figs. 6q–t, 7q–t, 8q–t and 9q–t), thereby corresponding to higher
values of es.
An inspection of Fig. 12 also indicates that at a given impact velocity, the existence of cell shape irregularity
accelerates, while the presence of cell wall thickness non-uniformity decelerates, the stress wave propagation.
These inﬂuences are attributed to the variations in elastic moduli induced by the presence of structural imper-
fections in the honeycomb structures. The stress wave speed, c, in a cellular material can be estimated using the
classical continuum wave speed formula (e.g., Li and Reid, 2006):c ¼
ﬃﬃﬃﬃﬃﬃﬃ
E
Rqs
s
; ð11Þwhere E* and Rqs (=q) are, respectively, the eﬀective Young’s modulus and the density of the undeformed
honeycomb structure. Note that Eq. (11) is only applicable for uniaxial stress wave propagation in the direc-
tion where loading is applied (here in the x2-direction). This formula was also used in Ho¨nig and Stronge
(2002a) (see their Eq. (14)) to predict the stress wave speed. In applying this formula, the cellular material
has been equivalently replaced by a solid continuum with the eﬀective elastic modulus E*. As found in Li
K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026 5017et al. (2005), the eﬀective elastic moduli of a honeycomb structure increase as its cell shapes become more
irregular and decrease as its cell wall thickness gets less uniform. Therefore, according to Eq. (11), the wave
speed c is higher for the honeycomb structure with completely irregular cell shapes (a = 1.0) (and thus an in-
creased value of E*) and uniform cell wall thickness (b = 0), but it is lower for the honeycomb structure having
regular cell shapes (a = 0) and completely non-uniform cell wall thickness (b = 1.0) (and thus a reduced value
of E*). More honeycomb structures with varying degrees of irregularity/non-uniformity will be discussed be-
low in Sections 3.4 and 3.5 regarding the eﬀects of these two types of microstructural imperfections on wave
propagation.3.4. Eﬀect of cell shape irregularity
To further explore the eﬀect of cell shape irregularity on dynamic crushing behavior of honeycomb struc-
tures, a parametric study is conducted. Five diﬀerent values of a, i.e., 0, 0.25, 0.5, 0.75 and 1.0, are used. The
cell walls are assumed to have a uniform thickness so that b = 0 in each of the ﬁve cases with distinct values of
a. The relative density and the impact velocity are ﬁxed to be 0.03 and 34 m/s, respectively.
Fig. 13 shows the eﬀect of cell shape irregularity on the nominal stress, r, in the ﬁve honeycomb structures.
In the plateau regime, the diﬀerences in the ﬁve values of the nominal stress are hardly distinguishable. How-
ever, it can be seen that the perfectly ordered honeycomb has the longest plateau regime and that the presence
of irregular cell shapes leads to a smaller densiﬁcation strain (deﬁned by ed = uL/L2, see Fig. 3a). This, once
again, can be explained by referring to their deformation modes. A comparison of Fig. 6k with Fig. 7k reveals
that the existence of irregular cell shapes facilitate the propagation of localized crushing bands initiated near
the impacted surface to the constrained surface. As cells start to collapse throughout the irregular honeycomb
structure (see Fig. 7l), the nominal stress begins to gradually increase until all the cells are fully compressed,
when the stress rises drastically. For the perfectly ordered honeycomb, however, crushing bands have been in0
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and the cells near the bottom surface remain only lightly deformed until the stress wave arrives, when defor-
mation enters the locking regime. This observation is also revealed by the variation of the strain energy (U)
with the nominal strain, as shown in Fig. 14. The upturn point of each strain energy–nominal strain (U–e)
curve reﬂects the start of the locking regime. It is clear that the U–e curve turns up later for the regular hon-
eycomb than for the irregular honeycomb structures. Fig. 14 also shows that prior to densiﬁcation there are
slight diﬀerences among the ﬁve values of U for any given value of e.
The eﬀect of cell shape irregularity on stress wave propagation is displayed in Fig. 15. It is seen that an
increase of a (up to a = 0.5) leads to a decrease in es, thereby accelerating the stress wave propagation. When
a > 0.5, es is found to be vanishingly small, which implies that the cells on the bottom surface start to deform
as soon as the dynamic crushing begins.3.5. Eﬀect of cell wall thickness non-uniformity
To assess the eﬀect of cell wall thickness non-uniformity on dynamic crushing responses of honeycomb
structures, a separate parametric study is conducted. Regular honeycombs with a = 0, irregular honeycomb
structures with a = 0.5 and completely irregular honeycomb structures with a = 1.0, each with diﬀerent
degrees of cell wall thickness non-uniformity, are analyzed. Five values of the thickness non-uniformity ampli-
tude, i.e., b = 0, 0.25, 0.5, 0.75 and 1.0, are used for each of the three values of a identiﬁed above. The relative
density and the impact velocity remain to be 0.03 and 34 m/s, respectively, for the samples analyzed here.
More samples with diﬀerent values of R will be discussed in Section 3.6.
The predicted rp–e curves for honeycomb structures having regular cell shapes (a = 0) and various degrees
of cell wall thickness non-uniformity are shown in Fig. 16. It is noted that as b increases, both the plateau
stress and the densiﬁcation strain decrease. This is more clearly seen in Fig. 17, where the slope of the straight
portion of each U–e curve and the value of U at the upturn point of the curve decrease with increasing b. This
weakening eﬀect induced by variations in cell wall thickness can again be explained by referring to the defor-
mation modes of the impacted honeycomb structures. A comparison of Figs. 6i–l with Figs. 8i–l reveals that
the initial deformation zone is larger for the honeycomb structure with non-uniform cell wall thickness than
that for the perfectly ordered honeycomb. Also, for the former the crushing bands initiated at the thinnest cell-0.02
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K. Li et al. / International Journal of Solids and Structures 44 (2007) 5003–5026 5019can more easily spread to other adjacent thin cell walls located inside of the specimen, thereby leading to an
even larger deformation zone and thus a further reduced densiﬁcation strain as the compression proceeds.
The eﬀect of cell wall thickness variation on the plateau stress (rp) is illustrated in Fig. 18, which indicates
that for all three values of a considered the plateau stress decreases in a monotonic fashion as b increases. An
inspection of Fig. 18 also reveals that there are small diﬀerences among the three values of rp when b = 0.
When the cell shape irregularity and cell wall thickness non-uniformity co-exist in a honeycomb structure,
the interaction between the two types of imperfections exhibits a complex pattern. For all values of b consid-
ered, rp is the highest for the honeycomb structures with a = 0.5, while the honeycomb structures with regular
cell shapes (i.e., a = 0) and the honeycomb structures with completely irregular cell shapes (i.e., a = 1.0) have
close values of rp for given values of b that are not on the interval 0.25 < b < 0.75, where rp is larger for the
honeycomb structures with a = 1.0 than for the honeycomb structures with a = 0. This complex interaction
between the two types of imperfections in terms of its eﬀect on the plateau stress qualitatively diﬀers from
the weak interaction between the same two types of imperfections in terms of its inﬂuence on the eﬀective elas-
tic moduli (Li et al., 2005).
The densiﬁcation strain energy, Ud, can be used to characterize the energy absorption capacity of the hon-
eycomb structures. Fig. 19 shows the eﬀect of cell wall thickness variation on Ud. It is seen that Ud decreases
monotonically as b increases for all of the three values of a considered. For a given value of b, the regular
honeycomb (with a = 0) has the highest value of Ud, which is also shown in Fig. 17 for the case with
b = 0. When both types of imperfections are simultaneously present in a honeycomb structure, Fig. 19 once
again displays a complicated pattern of interaction between these two types of imperfections. For a given val-
ue of b < 0.5, Ud decreases monotonically with the increase of a. However, as b goes beyond 0.5, the values of
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honeycomb structures with a = 1.0 lies between the values of Ud for the honeycomb structures with a = 0 and
a = 0.5. It is seen from a comparison of Figs. 18 and 19 that the interaction between the two types of imper-
fections in terms of its eﬀect on Ud is diﬀerent from that in terms of its eﬀect on rp. This is because the den-
siﬁcation strain, another contributing factor for the variation of Ud, is diﬀerent for various cases.
Fig. 20 illustrates the eﬀect of cell wall thickness non-uniformity on stress wave propagation. It is seen that
for the regular honeycombs (with a = 0), es generally increases with b (especially when b > 0.5). For the regular
honeycomb with completely non-uniform cell wall thickness (i.e., a = 0 and b = 1.0), es is approximately four
times as high as that for the perfectly ordered honeycomb (with a = 0 and b = 0). However, when a > 0.5,
there is virtually no variation in es as b increases up to 0.8. Further increase of b leads to a slight increase
in the value of es. A further inspection of Fig. 20 together with Fig. 15 indicates that the cell shape irregularity
dominates the overall eﬀect on wave propagation when both types of imperfections co-exist in a honeycomb
structure. These observations based on the simulation results for the honeycomb structures with R = 0.03 are
supported by the numerical data obtained for imperfect honeycomb structures with diﬀerent values of R,
which will be discussed in the next section.3.6. Eﬀect of the relative density
Figs. 21 and 22 show how the plateau stress (rp) and the densiﬁcation strain energy (Ud) vary with the rel-
ative density for ﬁve honeycomb structures: a regular honeycomb with a uniform cell wall thickness (a = 0 and
b = 0), a completely irregular honeycomb structure with a uniform cell wall thickness (a = 1.0 and b = 0), a
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honeycomb structures with non-uniform cell wall thickness (a = b = 1.0; a = b = 0.5). The relative density
can be adjusted by altering the initial cell wall thickness t0 (see Eq. (2)).
It is seen from Fig. 21 that the plateau stress for each of the ﬁve honeycomb structures scales linearly with
the relative density squared. For a given value of R with R2 > 0.01, the fact that the value of rp for the per-
fectly ordered honeycomb (with a = b = 0) is greater than those for the two honeycomb structures with
a = 1.0, b = 0 and a = 0, b = 1.0 indicates that both the cell shape irregularity and cell wall thickness non-uni-
formity undermine the plateau stress. Also, it is observed that the value of rp for the honeycomb structure with
a = 1.0 and b = 0 is larger than that for the honeycomb structure with a = 0 and b = 1.0, which implies that
the stress-weakening eﬀect caused by the cell shape irregularity is less signiﬁcant than that due to the cell wall
thickness non-uniformity.
Fig. 22 displays the variation of the densiﬁcation strain energy, Ud, with the relative density, R, for the ﬁve
honeycomb structures considered. For each honeycomb structure, Ud increases with R. The eﬀects of cell
shape irregularity and cell wall thickness non-uniformity on Ud are similar to those on rp. That is, for a given
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weakening eﬀect due to cell wall thickness non-uniformity is more signiﬁcant than that due to cell shape
irregularity.
In order to further explore the eﬀect of the relative density (R) on the dynamic behavior of honeycomb
structures having the two co-existing types of imperfections, the relative diﬀerences between the plateau stress
and densiﬁcation strain energy of the imperfect honeycomb structures and those of the perfectly ordered hon-
eycomb (with a = 0 and b = 0) are calculated and examined. The relative diﬀerence eQ is deﬁned aseQ ¼ Q
r  Qp
Qp
; ð12Þwhere Q denotes the plateau stress (rp) or the densiﬁcation strain energy (Ud), and the superscripts r and p
stand for, respectively, the random and perfectly ordered honeycombs. The numerical results for eQ as a func-
tion of R are illustrated in Figs. 23 and 24.
It is observed from Figs. 23 and 24 that as R increases the magnitudes of the relative diﬀerences for both the
plateau stress (rp) and the densiﬁcation strain energy (Ud) generally increase. Here, a negative value of eQ
stands for a decrease in rp or Ud from the respective value for the perfectly ordered honeycomb. For small
values of R, rp is negligibly aﬀected and Ud has a moderate drop, when cell shapes change from perfectly
ordered hexagons (with a = b = 0) to completely irregular polygons (with a = 1.0 and b = 0). When cell wall
thickness changes from uniform in a perfectly ordered honeycomb (with a = b = 0) to completely non-uniform
(with a = 0 and b = 1.0), there is a signiﬁcant decrease in both rp and Ud. This agrees with the observation
made earlier based on Figs. 13, 14, 16 and 17 for honeycomb structures with R = 0.03. An inspection of Figs.
23 and 24 also reveals that for a given value of R, the reduction in both rp and Ud induced solely by the exis-
tence of irregular cell shapes (i.e., a = 1.0 and b = 0) is smaller than that caused purely by the presence of non-
uniform cell wall thickness (i.e., a = 0 and b = 1.0). For the honeycomb structure with a = b = 1.0, the mag-
nitudes of the relative diﬀerences in rp and Ud are smaller than the sum of those induced solely by the existence
of irregular cell shapes (a = 1.0 and b = 0) and those caused purely by the presence of non-uniform cell wall
thickness (i.e., a = 0 and b = 1.0) for any given value of R. This indicates a complicated, nonlinear interaction
between these two types of imperfections in terms of their eﬀects on rp and Ud, which supports the observa-
tions made earlier based on Figs. 18 and 19 for honeycomb structures with R = 0.03 and on Figs. 21 and 22 for
honeycomb structures with various values of R.
Fig. 25 shows the eﬀect of relative density (R) on the initiation strain (es). It is observed that for the perfectly
ordered honeycomb (with a = b = 0) es reduces when R increases. This can be explained by using the relation:c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1:5Es
½1=R2 þ ð4:05þ 1:125lsÞqs
s
; ð13Þwhich is derived from Eq. (11) and the following equation given in Li et al. (2005) (see their Eq. (12)):E ¼ 1:5EsR
3
1þ ð4:05þ 1:125lsÞR2
: ð14Þ
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also reveals that a similar varying trend is seen for the honeycomb structure with a = 0 and b = 1.0, which has
a larger value of es than the perfectly ordered honeycomb for a given value of R. This reﬂects the weakening
eﬀect due to the presence of non-uniform cell wall thickness, as observed in Li et al. (2005) for statically loaded
honeycomb structures. In addition, it is noted from Fig. 25 that each of the remaining three honeycomb struc-
tures (i.e., a = 1.0, b = 0; a = b = 0.5; a = b = 1.0) has negligibly small es for all relative density values consid-
ered. This implies that when a > 0.5, the cells located on the bottom (constrained) surface of a honeycomb
structure starts to deform right after the impact begins no matter how b changes. These observations are in
agreement with those made earlier based on Figs. 15 and 20 for honeycomb structures with R = 0.03.3.7. Eﬀect of strain hardening of the cell wall material
To see how strain hardening of the cell wall material inﬂuences the dynamic crushing behavior of honey-
comb structures, ﬁve values of the tangent modulus, i.e., Etan = 0, Es/100, Es/20, Es/10 and Es/5, are used for
each honeycomb structure. Five honeycomb structures are considered, which include a regular honeycomb
with a uniform cell wall thickness (a = 0 and b = 0), a completely irregular honeycomb structure with a uni-
form cell wall thickness (a = 1.0 and b = 0), a regular honeycomb with completely non-uniform cell wall thick-
ness (a = 0 and b = 1.0) and two irregular honeycomb structures with non-uniform cell wall thickness
(a = b = 1.0; a = b = 0.5). The relative density and the impact velocity remain to be 0.03 and 34 m/s, respec-
tively, for the samples analyzed here. The numerical results obtained in this parametric study are displayed in
Fig. 26, where the results for the cases with Etan = Es/100 are generated earlier in Section 3.5 (see Fig. 18).
It is seen from Fig. 26 that the plateau stress (rp) increases monotonically with increasing Etan for each hon-
eycomb structure. In addition, for a given value of Etan the value of rp for the perfectly ordered honeycomb
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Fig. 26. Eﬀect of strain hardening of the cell wall material on the plateau stress.
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This indicates that the presence of the cell shape irregularity and/or cell wall thickness non-uniformity reduces
the plateau stress, which agrees with and complements that observed earlier based on Fig. 18 for honeycomb
structures with Etan = Es/100.
A further inspection of Fig. 26 reveals that the strengthening eﬀect resulting from strain hardening of the
cell wall material is most signiﬁcant for the perfectly ordered honeycomb (a = 0 and b = 0), with a 27.61%
relative increase in rp when Etan increases from 0 to Es/5. The relative increases for the other four honeycomb
structures are found to be, in the descending order, 22.73%, 21.98%, 16.64%, and 12.99% for the honeycomb
structures with a = 0 and b = 1.0, a = 0.5 and b = 0.5, a = 1.0 and b = 1.0, and a = 1.0 and b = 0, respectively.
This order of inﬂuence indicates that the strengthening eﬀect induced by the strain hardening of the cell wall
material is less pronounced for honeycomb structures with irregular cell shapes and/or non-uniform cell wall
thickness.
4. Summary
The eﬀects of co-existing cell shape and cell wall thickness imperfections on the dynamic crushing behav-
ior of honeycomb structures are studied using the Voronoi tessellation technique and the ﬁnite element
method. Voronoi diagrams with diﬀerent degrees of cell shape irregularity (amplitude a) are ﬁrst produced
by perturbing a regular packing of seeds. Perturbations are then introduced to the uniform thickness of the
cell walls to generate a uniform distribution of wall thickness with diﬀerent degrees of non-uniformity
(amplitude b). Finite element (FE) models are constructed based on the established Voronoi diagrams to
obtain the plateau stress, the densiﬁcation strain energy, and the initiation strain for characterizing the
dynamic responses. Based on the simulation results and analyses presented, the following conclusions can
be drawn.
(1) For all perfect and imperfect honeycomb structures considered, both the plateau stress and the densi-
ﬁcation strain energy increase with the impact velocity. As the impact velocity increases, perfectly ordered
honeycombs exhibit ‘‘X’’, ‘‘V’’, or ‘‘I’’ shaped deformation modes. With the presence of irregular cell
shapes and/or non-uniform cell wall thickness, the ‘‘X’’ and ‘‘V’’ shaped modes are disrupted at low and
moderate impact velocities. However, at high impact velocities, the ‘‘I’’ shaped mode is evident for honey-
comb structures with or without imperfections. An increase in the impact velocity also leads to an increase
in the initiation strain for all honeycomb structures considered.
(2) For honeycomb structures with irregular cell shapes and uniform cell wall thickness, as the cell shapes
become more irregular, the plateau stress is slightly reduced, while the densiﬁcation strain energy drops
moderately. The initiation strain decreases as the degree of cell shape irregularity increases up to
a = 0.5, beyond which the cells located near the constrained surface of a honeycomb structure start to
deform as soon as the impact begins regardless of changes in a.
(3) For honeycomb structures with regular hexagonal cell shapes, an increase in the cell wall thickness non-
uniformity substantially reduces the plateau stress and the densiﬁcation strain energy but increases the ini-
tiation strain.
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the eﬀect of the interaction between the two types of imperfections on the plateau stress and on the densi-
ﬁcation strain energy is found to be complicated. The overall weakening eﬀect by the two co-existing types
of imperfections is less pronounced than the superposition of the eﬀects induced individually by each type
of imperfections. In addition, the cell shape irregularity is seen to play a dominant role in the eﬀect of
imperfections on stress wave propagation.
(5) For all perfect and imperfect honeycomb structures considered, both the plateau stress and the densi-
ﬁcation strain energy increase with the relative density. The magnitudes of the relative diﬀerences for both
the plateau stress and the densiﬁcation strain energy generally decrease as the relative density increases. For
the perfectly ordered honeycombs and imperfect honeycomb structures with regular cell shapes and non-
uniform cell wall thickness, an increase in the relative density results in a decrease in the initiation strain.
When the two types of imperfections co-exist in a honeycomb structure, the eﬀects of the imperfections on
stress wave propagation are dominated by the cell shape irregularity for all relative density values
considered.
(6) For both perfect and imperfect honeycomb structures, the strain hardening of the cell wall material has
a strengthening eﬀect on the plateau stress: the stronger the strain hardening, the larger the plateau stress.
This eﬀect is signiﬁcant for perfectly ordered honeycombs, but is less signiﬁcant for imperfect honeycomb
structures with irregular cell shapes and/or non-uniform cell wall thickness.
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